, Habibullin et.al proposed an approach to construct Lax pairs of a nonlinear integrable partial differential equation (PDE), where one is the linearized equation of the studied PDE and the other is the invariant manifold of the linearized equation. In this paper, we show that the invariant manifold is the characteristic of a generalized conditional symmetry of the system composed of the studied PDE and its linearized PDE. Then we give an upper order bound of the invariant manifold which provides a theoretical basis for a complete classification of such type of invariant manifold. Moreover, we suggest a modified method to construct Lax pair of the KdV equation which can not be obtained by the original method in [4, 5] .
Introduction
Lax pair is usually related to the possibility of "linearizing" a nonlinear PDE and thus composed of two coupled PDEs linear in an auxiliary dependent variable and compatible on the condition that the considered nonlinear PDE is satisfied [1] .
Consider a scalar (1 + 1) dimensional nonlinear evolution PDE in the form u t = f (x, t, u, u 1 , . . . , u n ), n > 1 (1) where u 0 = u and u j = ∂ j u/∂x j , j = 1, 2, . . . , n. Introducing the auxiliary variable ϕ, Lax pair of Eq.(1) takes the form
where α i , β i are some smooth functions of their arguments, ϕ i = ∂ i ϕ/∂x i , i = 1, 2, . . . , max{r, s}.
In system (2) the first equation is the time-derivative PDE and the second one is the spectral problem, the compatibility condition ϕ tr = ϕ rt holds on the solution manifold of Eq. (1) . Whether there exist Lax pairs for the considered PDE is a leading tool to discriminate the PDE's integrability, named by Lax integrability. The existence of Lax pair makes us more facilitate to understand the properties of the integrable models. For example, Lax pair is related with infinite conservation laws and nonlocal symmetries, and also used to construct Bäcklund transformation of the PDE. However, Lax pair is not unique and thus many researchers devoted to design effective techniques to find new Lax pairs such as the Zakharov-Shabat dressing [2] and prolongation structures [3] , etc.
while the second one is an invariant manifold of Eq.(3) in the form
where α j = α j (x, t, u, u 1 , . . . , u s ) are undetermined smooth functions. Then Eqs. (3) and (4) yield a Lax pair of Eq.(1) if the following condition holds
where, hereinafter, D t and the subsequent D x are total differential operators with respect to t and x respectively,
Then splitting Eq.(5) with respect to u, v and their different order x-derivatives gives an overdetermined system for α j . Solving the system gives the invariant manifold (4) and then the required Lax pair is obtained since Eq.(3) is known.
In this letter, we formulate the method by Habibullin et.al into the framework of generalized conditional symmetry and give an upper order bound of p in the invariant manifold (4), which will promote a complete classification of such type of invariant manifold. Moreover, we propose a modified method to search for Lax pair of the KdV equation which cannot be obtained by the method in [4, 5] . Such results are given in Section 2. The last section concludes the results.
Main results

Related notions
We first state some related definitions by considering Eq.(1). A generalized symmetry X = η(x, t, u, u 1 , . . . )∂ u is admitted by Eq.(1) if it satisfies
where, hereinafter, M is the set of all differential consequences of Eq.(1). Note that on the solution manifold of Eq.(1) we exclude all derivatives of u with respect to t and thus express it in the form η = η(x, t, u, u 1 , . . . ). Obviously, Eq.(3) corresponds to condition (7) with η = v(x, t).
Definition 2.1 (Generalized conditional symmetry [6] ) Eq.(1) is conditionally invariant under the generalized symmetry X = η(x, t, u, u 1 , . . . )∂ u if the following condition
holds, where M is defined as in (7) and L x denotes the set of all differential consequences of η = 0 with respect to the variable x. Then X is called a generalized conditional symmetry of Eq.(1) and η(x, t, u, u 1 , . . . ) is the characteristic of X.
The generalized symmetry is a special case of generalized conditional symmetry. Furthermore, taking X = η(x, t, u, u 1 , . . . )∂ u into Eq.(8) yields
which is a simple condition to determine generalized conditional symmetry of Eq.(1). Let L denotes the set of all differential results of η = 0, then the manifold M ∩ L is contained in
Definition 2.2 (Invariant manifold [8] ) An ordinary differential equation
where | {△} means the computations are performed on the solution space of △.
By Definition 2.1 and condition (9), condition (11) means X = I(x, t, u, u 1 , . . . , u m )∂ u with I in (10) is a generalized conditional symmetry of Eq.(1). Thus the system
is compatible [6].
Construction of Lax pair
Consider a general form invariant manifold of Eq.(3)
by the method in [4] , it means 1) and (3), then H = 0 defines an invariant manifold of Eq.(3).
Proof: Since X = H∂ v with H in (13) is a generalized conditional symmetry of Eqs. (1) and (3), then
Obviously, the first equation in system (15) holds identically while the second equation becomes
which is the same to Eq.(14). It completes the proof. Therefore, by Theorem 2.4 a simple and practical technique to find invariant manifold of Eq.(3) is to search for a generalized conditional symmetry X = H∂ v of Eqs. (1) and (3). Furthermore, the existence of the invariant manifold with the special form (4) is guaranteed by the following result. (3),
Then
= v has the differential variants v i /v (i = 1, . . . , n). Thus linear combinations of v i /v (i = 1, . . . , p) makes the invariant manifold H = 0 take the form (4). The proof ends.
Note that if p < n then p differential invariants of v i /v (i = 1, . . . , n) consist the invariant manifold, otherwise one can prolong X to p-order,
which also makes system (16) hold, then the differential variants are v i /v (i = 1, . . . , p).
For example, consider the well-known KdV equation
Its linearized equation is
which admits a linear invariant manifold with p = 3 [4, 5] 
An upper order bound of the invariant manifold
By means of the idea of Theorem 2.41 in [7] , we give an upper order bound of the invariant manifold (4) of Eq.(3).
Theorem 2.6 Let the highest-order derivatives of order s in α j satisfying s ≤ n. Then the order p in Eq.(4) is bounded by p ≤ 2n + 1, where n is the order of Eq.(1).
Proof: We prove it by contradiction and thus assume p > 2n + 1. By the definition of invariant manifold, on the solution manifold of the system composed of equations (1), (3) and (4), one has
Specially, we express all the derivatives of u t by Eq. (1), v t by Eq. (3) and v p by Eq.(4), then we get
where [ p 2 ] denotes its integer part, and γ = 1/2 for p even and γ = 1 for p odd. The maximal order of total order in the quadratic terms is (n+p−i)+(n+i) = 2n+p. Consider the quadratic term p−1 i=1 C i p v n+p−i u n+i ∂ 2 f /∂u 2 n in (21). Since p ≥ 2n + 2, we select the derivatives in v of the order not less than p − 1, thus
Using Eq.(4), we express all the derivatives v n+p−i for i = 1, 2, . . . , n in terms of v p−1 , . . . , v. Then (22) will contain a single quadratic term C n+1 p v p−1 u 2n+1 ∂ 2 f /∂u 2 n , which has the maximal total order 2n + p.
Similarly, the second part in (20) can be expressed as
where the maximal order of total order is n + s + p − 1 ≤ 2n + p − 1 since s ≤ n. Thus by considering Eq.(20), the terms C n+1 p v p−1 u 2n+1 ∂ 2 f /∂u 2 n with the total order 2n + p in D t v p must be vanished, thus ∂ 2 f ∂u 2 n = 0, which means f = λ n (x, t, u, . . . , u n−1 )u n + f (x, t, u, u, u 1 , . . . , u n−1 ).
Taking this into account, similar as (22), we find
where β i > 0. All the summands in quadratic terms have the total order of the derivatives 2n + p − 1. Excluding the derivatives v n+p−i for i = 1, 2, . . . , n by Eq.(4) gives the unique quadratic term
which cannot occur in Eq.(23), thus ∂ 2 f /∂u n ∂u n−1 = 0. Similarly, by induction, we obtain
which implies that f = β n (x, t)u n + f (x, t, u, u, u 1 , . . . , u n−1 ), i.e., f depends on u n linearly.
Repeating the same procedures for the function f yields f = β n (x, t)u n + β n−1 (x, t)u n−1 + f (x, t, u, u, u 1 , . . . , u n−2 ), and finally, we find
which means Eq.(1) is a linear PDE, it contradicts. The proof ends.
Once the maximal dimension of invariant manifold is determined, so we can use the invariant manifold linear in v i up to the maximal order to construct Lax pairs of Eq.(1). In particular, if the invariant manifold H = 0 takes the form (4), then the condition D t H| {(1),(3),(4)} = 0 is equivalent to
Following the above analysis, we give an algorithm to completely classify the given type of 
2). Suppose the spectral problem in the Lax pair to be the form (4) and then determine the coefficients α j , where the differential order bound of v is p ≤ 2n + 1 by Theorem 2.6.
3). Collecting Eq.(25) and (4) determined in Step 2) gives the Lax pairs of Eq.(1).
In [4] , the authors show that there does not exist invariant manifold of the form v xx = a(u, u x , u xx ) v x + b(u, u x , u xx ). However, it is well-known that KdV equation (17) admits a Lax pair
Observe that the second equation in system (26) has the same form as Eq.(18) except for different coefficients. Thus inspired by it, we propose a modified method to construct Lax pair of Eq.(17).
Assume the linearized equation of Eq.(17) takes the form
where A, B, C are three undetermined constants, and the invariant manifold takes the form
where α j = α j (x, t, u, u x , u xx , u xxx ) with j = 0, 1.
In the condition D t (H I ) |{(17),(27),(28)} = 0, the variables v, v 1 , u 6 , u 5 , u 4 do not emerge in α 0 , α 1 and are independent, thus the coefficients of their product terms vanish and generate a highly over-determined PDEs for α 0 , α 1 . The first two equations are
Two different cases arise. If A = 1, then the subsequent computations show that no invariant manifold in the form (28) exist for Eq.(27). Another case is A = 1, thus ∂α i /∂u 3 = 0, i.e., α j = α j (u, u 1 , u 2 ) with j = 0, 1.
Repeating the above similar analysis two times yields α j = α j (u) with j = 0, 1. Then observe that the variables v, v 1 , u 6 , u 5 , u 4 , u 3 , u 2 and u 1 are not contained in α j and are independent, then splitting D t (H I ) |{(17),(27),(28)} = 0 with respect to the variables and their products yields a over-determined system for α j , where the first two equations are C + (A − 1)(α 0 ) ′ = 0, (A − 1)(α 1 ) ′ = 0, where (α j ) ′ = dα j /du with j = 0, 1. Since A = 1, then the first equation gives α 0 = c 1 − C u/(A − 1), the second equation gives (α 1 ) ′ = 0 which means α 1 = c 2 , where c i (i = 1, 2) are arbitrary constants. Then substituting α 0 , α 1 into D t (H I ) |{(17),(27),(28)} = 0 and separating it with u, v and their derivatives gives 
If C = 0, then the third equation gives B = 0 since A = 1, then Eq.(27) is trivial and thus C = 0, which means c 2 = 0. Observe that c 1 = 0 since we need a spectral parameter. Considering such conditions and solving system (29) gives A = 4, B = 1, C = 1/2, which gives Lax pair (26) with λ = c 1 .
We formulate the method in [4, 5] in the context of generalized conditional symmetry and give an upper order bound of the derivatives appearing in the invariant manifold, which provides a theoretical basis for the complete classification of the given form invariant manifold and then for the Lax pair. Furthermore, we propose a modified approach to obtain Lax pair of the KdV equation which can not be found by the original method.
